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*0 ; Abstract 

on : 

An analysis of two loop integrability in the sw(l|l) sector of N=&SY M is presented 
from the point of view of Yangian symmetries. The analysis is carried out in the 
I/"") \ scaling limit of the dilatation operator which is shown to have a manifest sit(l|l) 

invariance. After embedding the scaling limit of the dilatation operator in a general 
(Inozemtsev like) integrable long ranged super symmetric spin chain, the perturbative 
Yangian symmetry of the two loop dilatation operator is also made evident. The 
explicit formulae for the two loop gauge theory transfer matrix and Yangian charges 
■ are presented. Comparisons with recent results for the effective Hamiltonians for fast 

moving strings in the same sector are also carried out. Apart from this, a review of 
the corresponding results in the su{2) sector obtained by Beisert, Dippel, Serban and 
jjj 1 Staudacher is also presented. 

1 Introduction and Summary: 

In the present paper, we shall carry out an analysis of higher loop integrability of the su(l|l) 
dilatation operator of Af=4SYM. The analysis shall be based on the methods employed 
to study the integrable aspects of the su(2) sector of the gauge theory dilatation operator 
in the recent past[TJ|2]. We shall focus mainly on the two loop integrability of the 
dilatation operator in the scaling/continuum limit, where both N and J (the length of the 
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spin chain) are allowed to be large while the ratio is held fixed: A being the 't Hooft 
coupling of the gauge theory. The basic idea, similar to the one used in[TJ Ej, employed in 
this paper would be to construct a general long ranged spin chain invariant under the Yangian 
of su(l|l) (Y (su(l\l))) . There is usually a lot of freedom available in the construction of long 
ranged spin chains with Yangian symmetries in the form of various undetermined constants. 
We shall fix these constants by matching them with the explicitely known forms of the 
continuum limits of the s«(l|l) dilatation operator. In other words we shall construct a 
y(su(l|l)) invariant spin chain that has the same leading order behavior (in j) as the gauge 
theory dilatation operator up to two loops. 

The interest in the sm(1|1) sector is prompted in part by the fact that, on one hand 
it appears to be a particularly simple closed sector of the gauge theory, as is evident, for 
example by the fact that at one loop, the scattering matrix of the corresponding spin chain is 
simply the identity)!]. Moreover, apart from the knowledge of the spin chain Hamiltonian up 
to three loops[5], the two particle S matrices and dispersion relations have been explicitely 
computed using the perturbative asymptotic Bethe ansatz (PABA) techniques in (HE], to 
the same order in perturbation theory. Based on the assumption of factorizability of the S 
matrix, the multi particle S matrices have also been written downjUIH]. This data, among 
other interesting things, also contains information about how the spectrum scales with the 
length of the spin chain J. Similarly, the dual string analysis, also appears to be much 
simpler, in this sector than in its su(2) cousin; and recently, semi-classical string theory 
methods were employed to reproduce the famous all loop BMN[7j (square root) formula 
by Stefanski and Tseytlin|JJ. However, from another point of view, this particular sector 
appears to be more complex than the su(2) sector, and that is due to the fact that, beyond 
one loop, even the sw(l|l) symmetry of the dilatation operator is not manifest. That in 
turn is related to the fact that su(l|l) is part of the dynamical superalgebra, and hence, its 
generators also receive perturbative corrections. This technical problem, sometimes masks 
a lot of the simplifying features of this sector, for example, the formula for the Hamiltonian 
can only be written down in rather cumbersome forms, using, either a Bosonization [3] or 
(through Jordan Wigner transforms) a Fermionization[9] of the corresponding spin chain. 
However, on the string theory sidejS], the analysis is purely classical and hence free of this 
problem. Hence, to the extent that semi-classical string methods agree with gauge theory 
computations, it should be possible, at least in principle to have a manifestly sw(l|l) invariant 
language for describing the agreement between gauge theory and string theory. Moreover, 
the structure of Yangian symmetry is at the heart of integr ability on the string theory side. 
Hence, it is a reasonable goal to search for su(l|l) and Y(su(l|l)) invariance beyond the 
leading order on the gauge theory side of the AdS/CFT duality. In the present paper, we 
shall take a modest step in that direction, and see that quite like many other simplification 
that occur in the sw(l|l) sector, the next to leading order Yangian symmetry can also be 
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realized rather explicitely. 

Integrability in Af =4SYM was first glimpsed at in the remarkable paper by Minahan 
and Zarembo|10j. who showed that the matrix of anomalous dimensions/dilatation operator 
of Af=4SYM at one loop, when restricted to the scalar sector of the gauge theory can be 
understood as an so(6) invariant spin chain, which, amazingly enough, turned out to be 
exactly solvable by the methods of the algebraic Bethe ansatz. Subsequently, the full one 
loop dilatation operator was shown to be apsu(2,2\4) invariant supersymmetric spin chain, 
and its integrability was also established in |llt IT2"] . A natural question arising from this 
body of work is whether or not integrability in the gauge theory persists in higher orders 
in perturbation theory. To this end small closed sub-sectors of the gauge theory, which 
are closed under dilatation have shed remarkable insights. It turns out that all composite 
operators built out of two Fermions, and three complex scalars are closed under operator 
mixing. The dilatation operator in this closed su(2|3) sector is also known in rather explicit 
fashion up to three loops jH]. This sub-sector also contains two smaller closed sectors: A 
Bosonic one composed on two complex scalars (invariant under su(2) G psu(2, 2|4)) and a 
supersymmetric sw(l|l) sector composed of a complex scalar and a gaugino. In both these 
small sub sectors the dilatation operator is known explicitly up to three loop level as well. 
Integrability in the su(2) sector has been investigated vigorously in the recent past. At 
the one loop level, the dilatation operator in this sector takes on the form of the spin-half 
isotropic Heisenberg spin chain, which, of course, is integrable. As one goes higher up in 
the perturbation theory, the range of interactions of the spin chain increases, and it was 
shown in [I] that the three loop dilatation operator can be embedded in a particular long 
ranged spin chain (known as the Inozemtsev chain jT3]), after a proper redefinition of the free 
parameters, which are present in the Inozemtsev chain, was carried out. The Inozemtsev 
chain is known to commute with the generators of the su{2) Yang-Baxter algebra, i.e it has 
Y(su(2)) as its hidden symmetry. The Bethe equations (valid for chains of large length, i.e 
valid in the scaling limit) are also known for the Inozemtsev chain, and this translated into 
a knowledge of the three loop Bethe equations for the su(2) sector of M =4SYM. Matching 
the dilatation operator to a linear combination of the conserved charges of the Inozemtsev 
chain does not work beyond the three loop order, as there is a breakdown of BMN scaling 
in this particular long-ranged spin chain, however, the extrapolation of the three loop Bethe 
equations to all loops, in a manner that is consistent with BMN scaling, was carried out 
in However, whether or not the Yangian symmetries persist in this proposed all loops 
Dilatation operator is not clear at the moment. 

In the supersymmetric sm(1|1) sector, the one loop dilatation operator can be diagonalized 
quite like the su{2) case, and its underlying Yang-Baxter symmetry is implied by that of full 
one loop psu(2, 2|4) spin chain, of which the sw(l|l) spin chain is a part ^IJ HJ |H| • But at 
higher loops, although the three loop corrections to this spin chain are known, whether or 
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not the corrections are integrable deformations of the one loop dilatation operator 

is not firmly established. However, the higher loop Bethe equations, which are expected to 
be exact in the scaling limit, were proposed in |3j. One of the main objectives of this work 
is to establish the Yangian symmetry in the scaling limit of the two loop su(l|l) dilatation 
operator, which would reinforce the belief in the exactness of the perturbative asymptotic 
Bethe equations in this sector [3] at least at the two loop level. 

The relation of the exactness of the Bethe ansatz equations and an underlying Yangian 
symmetry can be understood as follows. There are two routes that one can possibly take 
towards writing down the Bethe ansatz equations for a quantum spin chain. One can either 
think of the Bethe ansatz, literally as an anzatz; the ansatz being that the scattering matrix 
be factorized. In other words, one can compute the two particle scattering matrix and 
make the assumption that the multi-particle scattering matrix be given as products of the 
two body S matrices. This approach was used extremely successfully in jU in writing 
down the two and three loop Bethe equations, for various sector of the gauge theory, among 
which was also the sw(l|l) sector. However, as has already been pointed out in [|j, the leap 
from the two body problem to the many body problem is indeed an assumption. So the 
natural question is; when do the Bethe equations become exact? This brings us to the other 
route to the Bethe equations which is based on RTT relations and principles of symmetry. 
In the many cases, where Bethe equations have been shown to be exact solutions of one 
dimensional quantum spin chains, the basic algebraic structure that has been employed is 
the Yang Baxter algebra, also known as the RTT relations. For example in the case of 
short ranged spin chains of the Heisenberg type [T4*l ITS] , or for long ranged chains of the 
Haldane-Shastry type [121 El CHI UH] the spectrum was determined, ultimately by the RTT 
relations, i.e the algebra obeyed by the matrix elements of the monodromy matrix. That is 
nothing but the Yangian algebra Y(su(2))(see [221 EJJ for reviews on this subject). Having 
the Hamiltonian commute with the Yangian generators was especially useful in these cases, 
as it enabled one to identify the Hamiltonian with one of the elements of the center of the 
algebra, and deduce its spectrum from a highest weight representation theory of Y(su(2)) 1 . 
In other words, there are two ways in which the Yangian algebras are of relevance to the 
study of integrable spin chains. They can either arise as symmetry algebras, as is the case 
in the case of the Haldane-Shastry spin chain [To] IT71 fTH| ITU] , in which case, they give the 
spectrum of the Hamiltonian, along with a systematic understanding of the Higher integrals 
of motion 2 . Though, it might well be that the RTT relations that lead to the Bethe equations 

It is worth noticing that the exact routes taken towards using the Yangian symmetry to determine the 
spectrum is very different in the case of long ranged chains from those used in the case of short ranged 

onesPlOIIEElEn] 

2 The integrals of motion for the Haldane-Shastry model were obtained from the so called quantum 
determinant of Y(su(2))f22\. 
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are generated by operators that do not commute with the Hamiltonian, i.e the Hamiltonian 
is a part of the algebra, but not its center. For example, in the conventional presentation 
of the Yangian generators, for the Heisenberg spin chain, the Hamiltonian is generated by 
the trace of the transfer matrix, which is not an element of its center. Though the lack of 
commutativity of the Yangian generators with the Hamiltonian, at least in the Heisenberg 
case is particularly mild, and tractable ^j. However, the Hamiltonian, being a part of the 
algebra, once again implies that its spectrum is eventually determined by the RTT relations, 
which are nothing but the highest weight representation of the Yangian algebra. Although 
in the present work we do not work our way towards the derivation of the spectrum of the 
two loop sw(l|l) dilatation operator, we shall nevertheless confirm its Yangian invariance in 
the large J limit. Presumably, this algebraic structure can also be used to reproduce the 
PABA equations for the two loop sw(l|l) dilatation operator, and that remains an important 
possibility to explore in the direction of establishing the exactness of the higher loop PABA 
equations. The role of Yangian symmetries in some other limits of the gauge theory have also 
been considered in recent papers. The role of the Yangian algebra in the weak coupling limit 
of the gauge theory was discussed inj2Hl 121], and in the full supesymmetric planar gauge 
theory at one loop in[23]. The Yangian charges, for the su(2) sector of the planar gauge 
theory up to two loops were found using matrix models techniques in [3] and the Yangian 
symmetry up to three loops is in the same sector of the gauge theory is implied in [I]. The 
Yangian symmetry in the scalar so(6) (as well as the su(2) sector) at one loop, both at finite 
and infinite J was also shown in[Hj. 

Apart from the question about the practical utility of the Yangian symmetry in the 
determination of the spectrum, which clearly is a question that requires deeper study, there 
is also the question about whether or not this particular symmetry serves any conceptual 
purpose. From this point if view it is indeed an important symmetry, as this very symmetry 
appears in string theory on AdS$ x S 5 , rendering the classical world sheet sigma model 
integrable[22J 123 I2H EH EH EH El]- Although the quantum integrability of the superstring 
action on AdS$ x S 5 is still an open issue(see j331EIlEIi] for important developments in this 
direction) the classical integrability has already proven to be an extremely potent tool in 
carrying out comparisons of the energies and effective Hamiltonians of fast moving Bosonic 
strings in various sectors of AdS§ x S 5 with the gauge theory results. A matching of the 
string energies at one and two loops jHSl EH EH1 EH EH HOI EE] and the effective string 
Hamiltonians has been presented in g2l S3 ESI HZ1 HH1 EHl IH1 ED] , and recently, all one 

loop gauge theory solutions (and two loop ones in the special su(2) sector [21]) have been 
classified in terms of algebraic curves and matched with those arising from the string theory 
side |)21 EH El] : the agreement being perfect in large J limit. Integrability on the string side, 
is of course at the heart of a lot of the results mentioned above. Keeping these fascinating 
gauge/string correspondences in mind we shall take a small step in the direction of exploring 
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Yangian symmetries in the gauge theory, beyond the su(2) sector. 

On a related note, it is worth keeping in mind that integrability in the AdS/CFT cor- 
respondence also has a M(atrix) theoretic resonance. M(atrix) theory in the plane wave 
background, can be regarded as a consistent truncation of the dimensional reduction of 
Af=4SYM to one dimension, and it has been recently shown to be integrable up to the 
fourth order in perturbation theory [53] : (see also jo^ I57| As a matter of fact, the three 
loop dilatation operator of the gauge theory in the closed su(2|3) matches precisely with 
the three loop effective Hamiltonian of the matrix model. The sit(l|l) sector being part of 
the sw(2|3) sector also implies, that the results presented in this paper establish Yangian 
symmetry (up to two loops in the scaling limit) of the same sector of the plane wave M(atrix) 
theory. 

The organization of the paper is as follows. In the next section, we shall recall the three 
loop gauge theory results in the su(2) sector and review the integrable aspects of the su{2) 
dilatation operator. Here, we shall make heavy use of the results presented in 0121 El- We 
shall review, how the three loop dilatation operator can be embedded in the framework of 
Y(su(2)) invariant long ranged spin chains (of which the Inozemtsev chains is an example), 
with special emphasis on the freedom available to us in the construction of such chains in 
the guise of various undetermined parameters. We shall also work out the explicit form of 
the monodromy matrix in this sector, up to three loops, in the large J limit. 

Following this, we shall try and generalize this construction to the su(l|l) sector. We shall 
construct a Y(s-u(l|l)) integrable spin chain which has the same leading order j behavior as 
the two loop super Yang-Mills dilatation operator, establishing the asymptotic integrability 
in this sector, up to two loops. Following the comparison with the recent results of 8J, we 
shall end the paper with comments about how this result might be extended to higher loops. 

2 The su(2) Sector Revisited: 

The three loop dilatation operator of Af=4SYM in the su{2) sector is:[HI2| 

D = XDi + \ 2 D 2 + X 3 D 3 + 0(A 4 ) (1) 

where, Di, D 2 , D 3 are the one, two and three loop dilatation operators having the following 
explicit forms, 

D 1 = 2X)(/ i , i+1 -P iii+1 ). (2) 

i 

£ 2 = E (-8 (ki+i - Pi,i+i) + 2 iki+i ~ Pi,w)) • (3) 
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D% — (56 (Ji,i+i — — 16 (Ji,i+2 — Pi,i+2) — 4 (-Pi,i+3-Pi+l,i+2 — ^,1+2-^+1,1+3)) • (4) 

i 

Pi j is the permutation operator acting on sites i and j. 

Pij = ss(i)s»V), (5) 

where, S%(i) are the spin operators, S%(i) acts as \a >< b\ at the ith lattice point. The 
integrability of the three loop dilatation operator can be understood as it can be expressed 
as a combination of the local charges following from the most general su(2) invariant transfer 
matrix, which can be generated by the use of Yangian symmetry. For the purposes of uncov- 
ering a similar structure in the su(l|l) sector, it is worthwhile to investigate the structure of 
the su(2) Yangian algebra and its relation to the three loop dilatation operator, in greater 
depth. 

2.1 A Brief Review of Y(su(2)): 

The algebra, Y(su(2)), is nothing but the familiar algebra of the RTT relations, 

Ti(u)T 2 {v)R 12 {v -u) = R l2 (v - u)T 2 (v)ri(u), (6) 

generated by an R matrix, which for su{2) is nothing but, 

R(\) = \I -P, (7) 

and a transfer matrix, T(A). In a more expanded form, the RTT relations translate into the 
following quadratic algebra for the transfer matrix, 

(A - ^)[T«(A),T d »] = {T a d {\)T^) - T^)T b %\)) . (8) 

Assuming the expansion of the transfer matrix in inverse powers of the spectral parameter, 

WHE^On^ (9) 

this algebra translates into the following relations, 

[(T n+1 ) b c , (T m ) a d ] - l(T n t (T m+1 T d ] + (T n y c (T m ) b d - (T m y c (T n ) b d = 0, (10) 

for the matrix elements of the transfer matrix. These recursion relations imply that only the 
first two elements T 1 and T 2 are independent and all the other T n ,n > 3 are generated by 
the iterated commutators of T 1 and T 2 . Explicit formulae for all the higher T n 's in terms 
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of T 1 and T 2 may be found in the review (20] • These generators T 1 and T 2 are known as 
the Yangian charges, and they provide a minimal set of data required to construct the entire 
transfer matrix. 

While the RTT relations given above, are quite universal in their form, the Yangian 
generators can be many different functions of the spin operators S%. The exact formulae for 
the T 1 and T 2 determine the specific details of the spin models being studied. One can ask 
the question about what the most general form of the Yangian generators may be, such that 
the transfer matrix derived from it still satisfies the Yang-Baxter algebra. This question has 
been addressed in the literature on quantum spin chains [El HH1 CHj and to anwer it, one 
needs to introduce the Lax operator, 

0\ l=j (11) 

This is to be regarded as the i, jth matrix element of the Lax operator, and no sum is implied 
over i, j. 9(i, j) is an arbitrary function of the lattice indices, which is to be determined by the 
condition that the transfer matrix following from this Lax operator satisfy the Yang-Baxter 
algebra. The transfer matrix has the following formula in terms of the Lax operator. 

T Wt = E 4 Tn = 1 + E t^t f E smL n )i,A , (12) 

where L n denotes the nth power of the Lax matrix. One can now require this transfer matrix 
to satisfy the Yang-Baxter algebra. The consistency condition for that is the following. One 
sees that there are two ways to get to T 3 from T 1 and T 2 . There is a particular form of 
T 3 , which is implied by (|T2"j) . and yet another one following from the Yang-Baxter algebra: 
setting n = 2 and m = 1 in (fT0|) . one gets, 

i(T 2 )l (T 2 ) d c ] = S d a (T 3 ) b c - 5 b c (T 3 ) d a + {{T l ) h c {T 2 ) d a - (T 2 ) b c (T 1 ) d ^j . (13) 

These two forms of T 3 must be the same. This implies the following constraints on 9. 

9(j, k)9(j, n) + 9(j, k)9(n, k) - 9(j, n)9(j, k) = 9(j, k). (14) 

These are known as the Serre relations, and their general solution is |17t FEU I18j. 
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where, {Z{\ are a set of arbitrary complex parameters. Thus, for any choice of the complex 
parameters {Zi}, one would get a presentation of the Y(su(2)) algebra. Hence, it is quite 
evident, already at this point, that there is a great deal of freedom available to us, in the 
form of the undetermined constants {Zi}, in the construction of transfer matrices that obey 
the Yang-Baxter algebra. 

The next question to ask is what integrable spin chain Hamiltonians such transfer ma- 
trices correspond to. To answer that we shall have to construct the center of the Yangian 
algebra, i.e the set of operators commuting with the Yangian charges. The charges, written 
in an explicit form are, 

(O 1 )? = (r 1 )? = E-s?(0 ( 16 ) 

i 

{Q 2 )t = iT 2 )t = Y.0^3)S^)S k b U) (17) 

The first charge is nothing but the su(2) generator, so one can look for su(2) invariant 
operators that commute with the second charge. As the simplest su(2) invariants are given 
by the permutation and identity operators, one can look at operators of the form, 

Y,k(i-Pij) (18) 

ij 

and ask what the form of has to be for such an operator to commute with Q 2 . The 
requirement that such an operator commute with the Yangian generators, then fixes = 
6(i,j)8(j, i), and the requirement of translation invariance forces one to set either one of the 
two forms for the parameters, Z,[T7 | IT9* 1 !!£]■ 

Zi = r\ (19) 



or, 

Z m = e— , (20) 

J being the length of the chain. The second form, which leads to the Haldane Shastry 
chain, is clearly not of interest in the present it has no free parameters that one 

can tune to embed the dilatation operator in this chain. On the other hand. ()19j) . has the 
undetermined parameter, t, that one can exploit to ones advantage. This was the reason why 
the Hyperbolic chain of the type (fT§j) was picked inpQ, to model the three loop dilatation 
operator. Hence, the Hamiltonian commuting with the Yangian generators is given by, 

h = £ - {z Zi ^L2 ( p M - J ) = E j)eu, i p ij - n ■ (2i) 
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There are other local integrals of motion for these models as well, and a general method 
for constructing them based on the center of the Yangian algebra, i.e the so called quantum 
determinant, was outlined injTJj. The first few of the local integrals are, 

H 3 = £ 9(i,j)9(j,k)9{k,i){P ijh -I ijh ). (22) 

#4= E o( i , j )eu,k)e(kj)9 u (p ljM -i l]M )~2^2m,j)9U, i )) 2 (p lJ -i tJ ). (23) 

This is all the information necessary to embed the three loop corrected su(2) dilatation 
operator in this general construction. To do that one would have to turn t into a function 
of the 't Hooft coupling of the gauge theory i.e 

00 

t = E c n X n . (24) 

n=l 

Clearly, the case lim^ corresponds to, 

H su{n) = E jW. *) ( p i,j - in) Un ^° 2t E i 1 - p i,i+J + °( t2 ) ■ (25) 

i.e we recover the one loop dilatation operator. Now allowing for t to be a power series 
in A, if one keeps only the terms up to a certain order in A, say 0(X P ) then one will have 
uncovered a A dependent perturbation of the integrable Hamiltonians given above, which 
have approximate Yangian invariance, i.e the Yangian generators will commute with the 
Hamiltonians so obtained up to terms of 0(A P+1 ). 

2.2 Explicit Forms of the Deformed Hamiltonians With Approx- 
imate Yangian Symmetries: 

Here we quote results accurate to the third order in A. 

t = ciA + c 2 A 2 + c 3 A 3 + 0(A 4 ) (26) 

(Q 1 )? = E' S ?(0- (27) 

i 

(Q 2 ) a b W = E(*)^W)+ciAE(*)^ + i)-^«* + i)) + 

i<j i 
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A 2 Ucl + 02) E (S«(i)S a d (i + 1) - S a d (i)S$(i + 1)) ^ 
c?A 2 (^(<)5S(< + 2) - SS(<)Sft + 2))) + 
A 3 f(c 3 + 2c lC2 + c 3 ) E (fl?(i)53(i + 1) - S a d (i)St(i + 1))J + 
c?A 3 (5?(0SS(< + 3) - SS(0*« + 3))) (28) 

«#«*(2),A3 = (ciA + (c 2 + 2 C 2)A 2 + (c3 + 4c 1 C2 + c 3 )A 3 )E(/ iii+ i- J R VJ+1 ) 
(c{\ 2 + 2c lC2 A 3 ) £ (ki+2 - Pi,i+2) 

i 

(cl\ 3 )J2(hi+*-Pi,i+s)- (29) 

i 

Thus we have obtained a three parameter (ci, c 2 , C3) family of deformation of the integrable 
su(n) invariant matrix model presented previously. The map between perturbative analysis 
done so far to the radial Hamiltonian of N =4 SYM one needs to identify A with the 't 
Hooft coupling of the gauge theory [I] , 

A=%^, (30) 

1D7T 2 

and choose 

ci = 1 )C2 = -3,c 3 = 14. (31) 
The expansion of the Hamiltonian, is already of the form, 

H(X) = A# (1) + \ 2 H {2) + A 3 # (3) + 0(A 4 ), (32) 

as is the expansion of the second Yangian charge. 

(Q 2 )IW = (Ql)t + KQl)t + AQDl (33) 

and the Yangian invariance up to the third order in A implies that 

[tf(A),(Q 2 )£(A)] = 0(A 4 ). (34) 
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But not only, H, but the higher charges H3, H4 obtained from the quantum determinant or 
any linear combination of them will also have a similar expansion in the 't Hooft coupling, 
and since they also commute with the Yangian generators in this perturbative sense, one 
is, apart from choosing the constants {c±, C2, C3}, free to add to the Hamiltonians any linear 
combinations of the higher charges. This insight was used to in 1J, and it was found that 
the linear combination of interest is, 

J 4 (A) = ff (4) (A) - XH^, (35) 

which for the choice of the constants {ci, c 2 , c 3 } reads as, 

J 4 (A) = A 3 £(-8/ M+1 + 8P M+1 -4P M+2 + 4P M+3 

i 

+8 (P i)i+3 P m , i+2 - P M+2 P +M+3 )) + 0(A 4 ) = A 3 4 3) + 0(A 4 ) (36) 

Hence, adding everything together, we can map the perturbatively integrable model to the 
three loop dilatation operator D as follows, 

D = XH W + \ 2 H^ + A 3 P( 3 ) - 
3A 2 Pf « - 3A 3 P^ 

iA 3 4 3) + 22A 3 # (1) + 0(A 4 ). (37) 

Or in more explicit terms; 

D = \D l + A 2 P> 2 + A 3 P 3 + 0(A 4 ) (38) 

where, Di, D 2 , D 3 are the one, two and three loop dilatation operators having the following 
explicit forms, 

P 1= 2]T(/ M+1 -P M+1 ). (39) 

i 

D2 = E (-8 (ki+i ~ p iA+i) + 2 (W - Pi,i+2)) ■ (40) 

i 

D3 = ^2 (56 — P,i+l) — 16 — Pi,i+7.) — 4 (Pj,j+3Pi+l ) j+2 — Pi,i+2Pi+l,i+3)) ■ (41) 

i 

As has been stated above, the fact that this Hamiltonian was derived from a linear combina- 
tion of the charges following from the center of the Yangian algebra, automatically implies 
that this Hamiltonian, and consequently, the sit (2) sector of M =4 SYM is integrable up to 
the third order in perturbation theory. 
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3 The Scaling Limit: 



The scaling limit of the dilatation operator is obtained by taking the coherent state expec- 
tation value of the operator on a state of length ESI E31 ESI EEl EZl EHl EOl IHl E01 and 
letting 

j4-0,>ed. (42) 

It is not automatically guaranteed that this limit exists, for an arbitrarily chosen Y(su(2)) 
invariant spin chain. As a matter of fact, the requirement, that this scaling limit exist cuts 
down on the ambiguity in the choice of the parameters q drastically. The transfer matrix is, 

T fe » = Hi + -(Q 1 )^ + - 2 {Q 2 )l + ■■■ (43) 
u u z 

As mentioned previously, the other terms in the transfer matrix are generated by the 
iterated commutators of Yangian charges. So, for the transfer matrix to have a well defined 
scaling limit, it is necessary that the Yangian charges have a well defined continuum limit. 
This in turn requires one to specify the behavior of the spectral parameter u as a function 
of J. We shall postulate, apart from u = ^ to be fixed. Specifying this behavior for 
the spectral parameter is necessary even for the first Yangian charge, the su(2) generator, 
to have a sensible continuum limit, 

= E - J =°° I I dxSS{x), (44) 
u i u u J 

i.e the passage from the sum over lattice indices to the integral over the continuum variable x 
produces a factor of J which has to be absorbed in a re-definition of the spectral parameter. 

The one loop Hamiltonian, Heisenberg Hamiltonian comes with the pre factor c\, which 
shows up in front of the two loop correction to the Yangian generator. So the two loop 
corrected Yangian generators are, 

(Q 2 ) tW o-ioo P = (T S(x)dx j* S(x')dx' - A J*[S, dS]dx^j (45) 

Fixing the value of C\ to be 1, and requiring that the Yangian charge have a well defined 
continuum limit requires that the terms of 0(A 2 ) do not have any terms involving first 
derivatives. This fixes 

c 2 = -3 (46) 
and the three loop corrected Yangian charges are, 

l / r 1 



(Q 2 ) three-loop = [ S(x)dx [" S(x')dx' - A / [S, dS]dx - \ 2 [ [S ', d 3 S]dx + O dx 
u 2 \Jo Jo Jo Jo 

(47) 
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These very values of ci, C2 were the ones that were mentioned in the previous section. Know- 
ing these charges, allows one to find the monodromy matrix, which generates them. That is 
given by, 

T(u,X) = J>{l 8 -& s M-& s ™) (48) 

The large J limit, is to be thought of as a classical limit, and in this limit, it suffices to 
replace the quantum spin matrices S%, by classical 2x2 matrices, satisfying, S 2 = 1. The 
transition from the quantum spin chain to the classical non-relativistic sigma models can 
best be motivated by using coherent state expansions of the spin chains, as was done in |42j . 
The dilatation operator in this classical limit assumes the form, 

D = £ dxXtr (S(x)d 2 S(x) + XS(x)d 4 S(x) + 0(A 2 )) (49) 

The classical theory, resulting from the continuum limit of the dilatation operator of course 
echoes the Yangian symmetry of the underlying quantum spin chain. The RTT relations for 
the transfer matrix of the quantum spin chain, translate into the following Poisson bracket 
relations for the monodromy matrix of the resulting classical theory, The Poisson bracket 
relations satisfied by the monodromy matrix can be written down as a set of classical Yang- 
Baxter relations, 

{T(A) f T(/i)} = [r(A - /*), T(A) ® T( M )], (50) 
where the classical 'r' matrix |B^| |2"T] is, 

r(A) = ip. (51) 

P is the permutation operator on V <8> V 3 . The above discussion was meant to outline the 
basic ideas leading to classical sigma models starting from the dilatation operator of the 
gauge theory, and the echo of the Yangian symmetry of the quantum spin chain at the level 
of the sigma model. 

4 The su(l\l) Sector: 

Many of the integrable features of the su(2) sector do generalize to the supersymmetric 
sit(l|l) sector, while others do not. The Hamiltonian in this supersymmetric sector is also 

3 In the convention used above, the operators on the tensor product of the auxiliary vector space V with 
itself, take on the following form in components. Let A and B 7 be two n® n matrices, then, 

(A®By*=A)Bl (52) 
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know to quite high orders in perturbation theory, the three loop order to be exact, and 
its integrability at the one loop level is established. However, the status of higher loop 
integrability in this sector remains an unresolved issue. One of the main problems in dealing 
with this particular sector of the gauge theory is related to the fact that manifestly sit(l|l) 
invariant forms of the higher loop correction to the one loop dilatation operator are not 
known in the sm(1|1) sector. That is so, because, is part of the supersymmetry 

algebra, hence the generators get A dependent corrections as well. Hence, the two 

loop Hamiltonian is s«(l|l) invariant only in the perturbative sense, just as the two loop 
su(2) Hamiltonian is Y (su(2)) invariant, also in a perturbative sense. However, the dilatation 
operator has been presented in a Bosonized form in [I] and it was also presented in a pure 
Fermion language in|9 j . In the Bosonized language, the dilatation operator up to two loops 
is, 



H = g 2 ^ + 9 -H 2 + 0(g«) : g* = (53) 



where the one loop Hamiltonian is, 

1 

2 

while the two loop generator is, 



Hi = (1 - al) - -(aX+i + (54) 



1 .1 



4 



'x+l) u x+2 -i R u x\ u x+l u x+l ~ ru x+l u x+2, 
'x+2 

+ (55) 



l^l^l i ^2 2 -v 3 ^3/^1 1 , 2 

X X+1 a x (Xx + 1 ) ax + 2 ~ lQ a x\ a x+l a x+l + <7 <c+ irT ' 

i 

r 

However, upon applying a Jordan Wigner transform, and going to the momentum space, a 
Fermionized version of the one and two loop Hamiltonians can be somewhat simplified, this 
was the form of the Dilatation operator that was used inj^]. Although, the symmetries of 
the Hamiltonian are no more manifest in the second language than the Bosonic, one, Fourier 
transforming the Hamiltonian has the advantage, that the j dependence of the various terms 
in the Hamiltonian becomes extremely transparent. Since our goal in this paper is only to 
investigate asymptotic integrability properties in the two loop Hamiltonian, the pure spinor 
form of the Hamiltonian is particularly useful. The leading j piece of the two loop corrected 
s«(l|l) dilatation operator as given in[9J is, 

H 2 Asymptotlc = V£sm 2 {^f) b% - % 4 5>n 4 b% + 0{g% (56) 
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There are other terms in the Hamiltonian as well, which are subleading order in the j 
expansion. In other words, this two body piece of the two loop Hamiltonian is the only part 
that has a contribution of 0(1) in the asymptotic large J limit. In what is to follow, we shall 
show that this part of the two loop Hamiltonian can be understood as a part of a hierarchy 
of Y(su(l\l)) invariant Hamiltonians. 

As mentioned in the introduction, there is a second reason to be interested in the pure 
spinor form of the dilatation operator. Recently, Tseytlin and Stefanski, have produced the 
effective semiclassical string action, also in the sit(l|l) sector and in the large J limit[8j, 
that reproduces the famous square root BMN formula, and also matches with the leading 
order, j results on the gauge theory side 4 . Their formula, for the effective sw(l|l) string 
Hamiltonian is, 

H string = £ $ (\A-A 2 <9 2 - l) V (57) 

This formula, upon discretization and Fourier transforming to momentum space, clearly 
matches up with the two loop gauge theory results order by order in A, and as a matter 
of fact with the higher loop (but leading order in j) gauge theory results, presented injUE] 
as well. Hence, working in the pure spinor picture also has the advantage of being closer to 
this string theory result. This is particularly heartening, as it is well known that the full 
AdSz, x S 5 string sigma model displays Yangian invariance, at the classical level. Hence, 
establishing the Yangian symmetry in the gauge theory at higher loops through a method 
that also makes contact with the string results allows one to get an idea of the Yangian 
symmetry of the string sigma model is reflected on the gauge theory side and vise versa. 

4.1 sw(l|l) Invariance of the Asymptotic Two Loop Hamiltonian: 

As the one loop Hamiltonian is manifestly sm(1|1) invariant, one can write it in terms of a 
graded permutation operator as, 

ffiuaiij^EC'-iW). (58) 

X 

where, the graded permutation operator n has the following form in terms of the super spin 
operators 

H w = (-lf b) XZ(z)X b a (j). (59) 
Super spin operators X£(i) satisfy the graded commutation relations, 

[Xtti),xm± = 8ji(%x2® - (-i)«**®>«°>*<® W(<)). (60) 

4 For previous results on comparing gauge theory results to the ones obtained from the string sigma model 
in this sector see also [491 ISU] 
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For the sit(l|l) case, a, b = 0, 1, e(0) = 0, e(l) = 1. 

To go from this particular form of the Hamiltonian, to the way it is presented as the first term 
in (|56|) . one can bypass the intermediate Bosonization, and note that the su(l|l) algebra 
(fHUj) can be realized in a pure Fermion language using the following translation. The super 
spin operator, X, thought of as a 2 x 2 matrix can be written as, 

X(x) = 

Using this spinor formulation of the super spin generators, it is easy to see that, 

1 - U xy = tf(x)b(x) + tf(x')b(x') - b\x')b(x) - tf(x)b(x') (62) 

Hence, it is obvious that the stt(l|l) invariant combination of the identity and the graded 
permutation involves only two body terms, and in the case that x' — x + 1, it reproduces 
the first term in the asymptotic Hamiltonian (|56|). As a matter of fact, the sit(l|l) invariant 
Hamiltonian that completely reproduces (|56|). upon transformation to momentum space, is 

H 2 Asymptotlc = E (V(! - rWi) + y ((1- H^ +2 ) - 4(1 - + 0(<? 6 )) , (63) 

which looks exactly like the two loop su(2) Hamiltonian with the permutation operator P 
replaced by the graded permutation operator n. Hence, it is reasonable to expect that this 
Hamiltonian can be derived from the requirement of Yangian invariance as well, which is 
what we shall do next. 

4.2 The Yang-Baxter Algebra For the Two Loop Hamiltonian: 

The construction of Y(su(2)) invariant long ranged Hamiltonians can be generalized to 
Y(su(l\l)) in a rather straightforward way. We shall adhere to the approach outlined inj^TJ, 
where, s«(l|l) invariant Calogero systems were studied. The generalization to spin systems 
with only spin-spin interactions can be achieved by taking the limit of the system studied 
in|61j. where all the spins are frozen along their equilibrium positions. 

The spin operators (fHU|) act on graded vector spaces. Each vector has m Bosonic and 
n Fermionic components. Though we shall be interested only in the case m — n — 1, it is 
useful to keep them arbritrary for the time being. The su(m\n) generalization of the su{n) 
invariant Lax operator given in the previous section is given by, 

Lij = (1-5^)9(1,^3, (64) 



1 - tf(x)b(x) 
b\x) 



b(x) 
b\x)b(x) 



[tf(x),b(x)l 



1. 



(61) 
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where, 0(i,j) is a function to be determined from the condition that the transfer matrix 
constructed from this Lax operator satisfy the graded Yang-Baxter relations; whose exact 
form will be given shortly. The transfer matrix is given by, 

1 00 1 

T b a = E = E ^CW- (65) 

ij,n a n=0 a 

This transfer matrix must satisfy the graded Yang-Baxter relations. The corresponding R 
matrix has the same form as the Bosonic one, except that the permutation is replaced by 
the graded permutation: 

Ri,j(u) = uI i:j + U id . (66) 
The formal structure of the Yang-Baxter relations remains the same, 

T 1 (u)T 2 (v)R 12 (v -u) = R 12 {v - u)T 2 (t;)Ti(u), (67) 

which translates into the following graded relation for the coefficients of the expansion of the 
transfer matrix, 

[{T n )l {T m ) c d }± = 5 c h {T m+n ) a d - (-l)« a ) +e ^)« c ) +e ^)^(T m+n )g (68) 

It may be seen from explicit computations that the general solution to the Yang-Baxter 
equations is provided by the same function 9(i, j) as in the Bosonic case, 

9^3) = -^-, (69) 

where Zi are arbitrary complex numbers. Hence, the general Hamiltonian that commutes 
with the Yangian generators is, 

Once again, one can let, 

Zi = t~ l (71) 

where t can be function of the parameter a, which will be related to the 't Hooft coupling 
of the gauge theory: 

00 

t = E Cn«" (72) 

n=l 
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One can, as in the su(2) case, read off the resuits accurate to the third order in A. 

= (cia + (c 2 + 2c?)a 2 + (c3 + 4 Cl C2 + ^)a 3 )^(/ M+ i-n M+1 ) 

i 

(cia 2 + 2cic 2 a 3 ) £ (4*+2 - n M+2 ) 

i 

(cla 3 ) ]T (I iii+3 - n M+3 ) . (73) 

i 

The Yangian charges in this sector, obtained from the first two terms in the expansion of 
the transfer matrix (jo3|) . written in terms of the super spin generators are, 

(Q 1 )? = £*?(»•)■ (74) 

% 

(Q 2 ) a b W = gr(a,b,d)(^2(x^)X a d (j)) + 

i<j 

Cl a J2 (gr(a, b, d)X d (z)X a d (t + 1) - {-l)<^ X a d {i)X d {i + 1)) + 

i 

« 2 ((cl + c 2 ) £ (^(a, b, d)X d (i)X%(i + 1) - X%(i)X d (i + 1))) + 

c\a 2 (gr(a, b, d)X d b {i)X a d {i + 2) - (-l)< d ~>X^i)X d (i + 2))) + 
a 3 [{c\ + 2c lC2 + c 3 ) £ ( 5 r(a, 6, d)X d {i)X a d {i + 1) - (-l)^JQ(z)At(z + 1))) + 
c 3 a 3 (gr{a, b, d)X d (i)X a d (i + 3) - {-1)<® X a d {i)X d {i + 3))) (75) 



where, 

gr{a, b, d) = (_i)^)(e(a)+e(&))+e(a)e(&) (76) 

After setting, 

ci = l,c 2 = -3, (77) 

and forming the combination, 

I = H- 3aH (78) 

one sees that, I, upon restriction to terms of 0(g 4 ), and setting m — n — 1, is the asymptotic 
dilatation operator in the sw(l|l) sector up to two loops: a being related to the gauge theory 
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coupling as a = |- 

I = H\ symptoUc = £ (V(l - IW) + y ((1 - IW+a) - 4 (! - IWi)) + Ofo 6 )) . (79) 

4.3 Higher Loops: 

If one goes to higher loops, the contribution to the asymptotic Hamiltonian is of the form, 

H\ symptotlc = 32 £ sin 6 b% (80) 

which can also be expressed as a linear combination of the kind 

(a(l - U XjX+3 ) + b(l - U x , x+2 ) + c(l - n^+i)) . (81) 

However, the coefficients required to do that are not consistent with what one would require 
to embed it into the 0(g 6 ) term in H: there just are not enough free parameters to be 
consistent with the scaling limit as well as the requirement of the precise coefficient in front 
of the tree loop Hamiltonian. This is the situation in the su(2) sector as well(see JJ1 and 
the discussion in the previous section), which is why, one needed to add to Inozemtsev 
Hamiltonian, a linear combination of the higher charges to embed the three loop piece in 
that integrable hierarchy. Presumably, one can do that in the sw(l|l) well, and we 

hope to report some results in that direction in the near future. However, it is worth bearing 
in mind that the violation of the BMN scaling at the four loop level, was why one needed to 
invent a new long ranged spin chainj2j to describe the su(2) Hamiltonian beyond three loops, 
and such problems might occur in the sw(l|l) sector as well. However, as we are working 
directly in the scaling limit; and it is known that in this limit classical string theory works to 
all orders Sj, it might be worth investigating if all loops Yangian symmetry in scaling limit 
of the sw(l|l) can be understood in a transparent way from that of the world sheet sigma 
model. 

4.4 The Scaling Limit: 

In this final section, we shall comment on the derivation of the (classical) continuum limit 
of the spin chains via super spin coherent states, as was done recently in jS]. 
As in the Bosonic case, the coherent states are of the form, 

\Z >= Z l \\)Z l \2) ■ ■ ■ Z* J (J)|iii 2 • • -ij >, (82) 
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except that the functions Z k (x) are anticommuting for k = 1 and commuting for k = 0. 
More precisely [Sj, 

Z* = (0,VO,^ = (<f,# (83) 

4> is the (complex) scalar degree of freedom while, ip is the Fermionic one. Normalization of 
the coherent states enforce the constraints, 

Z t Z l = Z l Zi = I, (84) 

where the convention, as employed in[S], is, 

Z*Zi = Z°Z - Z 1 Z ll Ztf = Z Z° + Z X Z X . (85) 

The basic idea is now to take the coherent state expectation value of the Dilatation operator 
in these states and treat the expectation value, as a classical Hamiltonian. 

H classical =< Z\H] U ^\Z > (86) 

Explicit computations give, 



One can introduce the (super)matrix, 

Ml = Z a Z b , (88) 
in whose terms the classical Hamiltonian assumes a manifestly su(l|l) invariant form, 

HLssicai = V E (str(M(x)M(x + 1)) , (89) 

X 

which in the large J limit becomes, 

H l dasmcal = -\t \l (str(M(x)d 2 x M(x)) , (90) 

where, g = j The normalization constraints ()85|) . show up as constraints on the matrix X 

as, 

M 2 = M, strM = 1. (91) 

These should in general be imposed using Lagrange multipliers, or alternatively, one can solve 
for these constraints and rewrite the Hamiltonian in terms of the degrees of freedom left over 
after the constraints are solved. This is equivalent to gauge fixing the classical Hamiltonian. 
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Indeed it can be written down, when expressed in terms of the Z's as a supersymmetric 
(jpm\n m odel[8 , which has a gauge symmetry. The upshot of this symmetry is that the 
Bosonic degree of freedom can be gauged away, allowing one to make contact with the pure 
Fermionic form of the su(l|l) Hamiltonian. More precisely, the constraints can be solved as, 



<P = (l - \w) ■ 
Using this solution, the matrix X becomes, 



M 



1 — tpijj ip 

■0 — 'ijjlp 



(92) 



(93) 



which is the coherent states method of reproducing (|6ip. ip,^ are grassman numbers, they 
are the classical analogues of b, b>. The classical Hamiltonian now takes on the following 
form, 

" dx (str(M(x)d 2 x M(x)) = -f f dx (ipd 2 ^) , (94) 



H. 



1 



classical 



g 2 



Similarly, 



tt2 

classical 



— f 1 dxUd 4 ip) . 
2 Jo v I 



(95) 



These are the first two terms in the expansion of (|57jl . showing the asymptotic, two loop 
agreement of the gauge theory results with the effective string sigma model. 

As in the su(2) case, the scaling limit is a classical limit, with the quantum super spin 
operators, being replaced by classical 2x2 super matrices 5 . Hence, one can now formulate 
the integrability of this resulting two dimensional field theory also in terms of (semi-classical) 
Yangian symmetries. As was outlined in the discussion on the scaling limit of the two loop 
su{2) dilatation operator, one can now relate the scaling limit of the Yangian charges and 
obtain the classical Yangian charges, that commute with the two loop scaling Hamiltonian, 



H, 



classical 



dx (g 2 str(M(x)d 2 M(x)) + ~—{M{x)d A M{x)) + 0(g e 
o \ 2 



(96) 



After rescaling the spectral parameter u 
charges may be taken as well. They are, 



u 



7, the continuum limits of the Yangian 



(Q 



l\a 
b 







dxM^(x) 



(97) 



5 Keeping with the conventions ofjHJ the upper and lower indices in the classical limit are the reverse of 
those in employed in the quantum spin chain. The reversal takes place as the coherent state indices are 

/, : -Ian — chain * [Ad a ) sigma — model 



regarded as the 'upper' ones in l|83() . i.e (Xg) 
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(Q 2 )b = I 

Jo 



1 



dxMg(x) ( X dx'MZ(x') + \~g 2 f 1 dx (dM*(x)M*(x) - M^x)dM^(x)) , (98) 




with the convention, that the sum from the upper left hand corner to the lower right hand 
corner is signed, i.e M^M^ is a short hand notation for (— l) e WM^M£. The monodromy 
matrix, (to 0(g 2 )) can be written down as, 



In the case of the su(2) sector, the modnodromy matrix, and indeed the Yangian charges, 
for the semiclassical coherent state sigma models can be obtained as particular limits of 
those corresponding to the S 3 sectors of classical strings on AdS§ x S 5 . In the sw(l|l)case, 
the effective semi-classical string action consistent with the all loop BMN behavior of the 
asymptotic su(l|l) dilatation operator was derived from the full classical superstring action 
in [IB] • Hence, in principle, the non-local conserved (super) charges, given above, and indeed 
the monodromy matrix should follow from a similar expansion of the charges and classical 
monodromy matrix of the dual classical string theory. That analysis should also inform us 
on how the Yangian symmetry is realized to all loops (in the asymptotic large J limit) in 
the gauge theory, paving the way for an all loop extension of the above results. We hope to 
report on this interesting possibility in the near future. 

5 Appendix: 

In this appendix we shall demonstrate the commutation of the two loop Yangian generator 
with the two loop Hamiltonian. 

The tow loop corrected sw(l|l) Hamiltonian is, 




(99) 




(100) 



Where, 




(101) 



X 



and, 




X 



(102) 



Similarly, the two loop Yangian charges are, 




(103) 
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where, 

(£(!))« = (_iy(d)(e(a)+e(b))+e(a)e(b) ^ ^(i)X^(j)) , (104) 

and 

(Q(2))« = £ ((.^(^(^l^Wl+^l^lx^)!^ + l) _ (-l^X^A^ + 1)) . (105) 

i 

To establish perturbative integrability of the two loop Hamiltonian, the necessary condition 



is. 



[h w , (Q {2) ) a b ] + [h {2 \ (Q^m = E^, (Q (2) )S + [£iW = o (ioe) 

a; x 

Explicit computations give, 

£iW 2 ,(Q( 2 ))£] = ( -i)(^w)( ( (^(«)) T * 

i / -I \ (e(o)e(6)+e(n)e(6)+e(o)e(n)+e(0) T nal 
+ l — l ) L bln 

— ( — I \ {e(n)+e(l)) j-lan 

I i \e(n)(£(o)+e(()))+£(o)e(l))+e(!) T nia 
I l ) L lbn- 

We have used the short hand notation for translationally invariant combinations of spin 
operators, 

T nn-X = E *J(0*£(i + 1) • " • + ( n ~ !))• ( 107 ) 

i 

Similarly, one also has, 

£^+1, (-iy(d)(e(a)+e(b))+e(a)e(b) ( X *(l)X%{i + 1))] = (_l)e(n)( e (a)+ e (6))-N(o) e (6)+ e (I) T nia 

/ i \(e(a)e(b)+e{n)e(b)+e(a)e(n)+e(l))' T nal 

L bln 

- E[n,,, +1 , (-l) e « (*2(0*?(< + 1))] = _ ( _l)W0 + e(n))(e( fc ) + e(n)) T aZn 

(_l)( e ( n )+ £ ( a ))( e ( n )+ ,: (0)'Y ,tan 

These results establish that (|106j) is indeed satisfied. 
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